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Motivated by the recent experiment on K2Cu3O(SO4)3, an edge-shared tetrahedral spin-cluster
compound [M. Fujihala et al., Phys. Rev. Lett. 120, 077201 (2018)], we investigate two-leg
spin-cluster ladders with the plaquette number np in each cluster up to six by the density-matrix
renormalization group method. We find that the phase diagrams of such ladders strongly depend on
the parity of np. For even np, the phase diagrams have two phases, one is the Haldane phase, and the
other is the cluster rung-singlet phase. For odd np, there are four phases, which are a cluster-singlet
phase, a cluster rung-singlet phase, a Haldane phase and an even Haldane phase. Moreover, in the
latter case the region of the Haldane phase increases while that of the cluster-singlet phase and the
even Haldane phase shrinks as np increases. We thus conjecture that in the large np limit, the phase
diagrams will become independent of np. By analysing the ground-state energy and entanglement
entropy we obtain the order of the phase transitions. In particular, for np = 1 there is no phase
transition between the even Haldane phase and the cluster rung-singlet phase while for other odd np
there is a first-order phase transition. Our work provides comprehensive phase diagrams for these
cluster-based models and may be helpful to understand experiments on related materials.
I. INTRODUCTION
An integer is either even or odd, which is known as
the parity. The properties of some physical systems
associated with different parity may be fundamentally
different1–5. A well-known example stems from Haldane’s
conjecture6,7 that the lowest excitation of spin chains
with integer spin is gapful while those with half integer
spin is gapless. Correspondingly, the lowest excitation of
spin- 12 ladders with even legs are gapful but those with
odd legs are gapless8–10. This conjecture was soon con-
firmed by various numerical and experimental works11–15
and therefore the gapful phase is called Haldane phase.
Recently, further theoretical works show that the Hal-
dane phase in spin chains with odd integer spins and even
integer spins are actually different16. The former one
is protected by some symmetries, such as time-reversal,
spacial inversion and dihedral symmetry but the latter
is not although edge states may exist in both of them.
Hereafter, following literature, we will just call the for-
mer one as Haldane (HP) phase but the latter one as even
Haldane (EHP) phase. Now we know that the HP phase
is actually a symmetry-protected topological phase17–20.
These theoretical progresses have stimulated extensive ef-
forts to search for such topologically nontrivial phase in
quasi one-dimensional materials as well as artificial struc-
tures and the HP phase has been reported in a variety of
experiments21–25.
Very recently, evidences for the HP phase in spin-
cluster materials were first reported in the compound
K2Cu3O(SO4)3 by M. Fujihala et al.
26. This compound
consists of edge-shared tetrahedral spin clusters. Spin- 12
Cu2+ sits at the corners of the tetrahedra. These clus-
ters are connected via SO2+4 along the b axis. In other
directions, they are connected via nonmagnetic ions or
no exchange path is allowed and thus interactions can
be neglected. These identify K2Cu3O(SO4)3 as a quasi
one-dimensional compound. Various experimental mea-
surements in combination with theoretical analysis26,27
reveal that its ground state is an HP phase. In ad-
dition to K2Cu3O(SO4)3, some other cluster-type one-
dimensional materials have also been reported28–33, such
as Cu2Te2O5X2 with X = Cl,Br. These experiments call
for a systematical investigation on the low-energy prop-
erties of spin-cluster ladders.
For this purpose, we study a Hamiltonian written as
follows
H =
Lc∑
k=1
H
(k)
intra +
Lc−1∑
k=1
H
(k:k+1)
inter (1)
where Lc is the number of clusters. The Hamiltonian has
two parts, the first is the interaction within one cluster,
and the other is the interaction between two nearest-
neighbor clusters. Such intra-cluster and inter-cluster
Hamiltonians are given by26:
H
(k)
intra = J⊥
np+1∑
j=1
S
(k)
1,j · S
(k)
2,j + J‖
∑
i=1,2
np∑
j=1
S
(k)
i,j · S
(k)
i,j+1
+ Jc
np∑
j=1
∑
a=0,1
S
(k)
1,j+a · S
(k)
2,j+1−a (2)
H
(k:k+1)
inter = Jinter
∑
i=1,2
S
(k)
i,np+1
· S
(k+1)
i,1 (3)
where np is the number of the plaquettes within one clus-
ter, which corresponds to the number of the tetrahedra
within one cluster in compounds. S
(k)
i,j is the spin op-
erator in the kth cluster with the leg index i and rung
index j. A schematic representation of the model and
the couplings J⊥, J‖, Jc and Jinter are plotted in Fig. 1.
This model was proposed26 for K2Cu3O(SO4)3, where
2np takes 2 and Jc = J‖ due to the symmetry of a tetra-
hedron. Although in known compounds, np is limited
to 1 or 2, in our theoretical work we will consider gen-
eral np and extrapolate our conclusions to the large np
limit. Moreover, for simplicity, we assume that Jc = J‖
is satisfied for all np and set Jinter = 1 as the energy unit.
To study the low-energy properties of Hamiltonian (1),
we resort to the state-of-art numerical algorithm, density-
matrix renormalization group (DMRG)34–37. To avoid
edge effect, periodic boundary condition (PBC) is em-
ployed unless stated explicitly otherwise. We keep up to
3000 optimal bases thus the largest truncation error is
smaller than 10−10. U(1) symmetry is used to accelerate
the computation therefore the Hamiltonian is diagonal-
ized in the sector with fixed z-component of the total
spin. All target states in the given sector are used with
equal weight to construct the reduced density matrix.
Several relevant quantities such as the ground state, the
first excited state and corresponding energy E0, E1, the
entanglement entropy and entanglement spectrum of the
ground state are calculated. All the data in our figures
are obtained in the sector with the z-component of the
total spin zero. As we will show, this is enough for our
model since all phases are gapful. And then the excita-
tion gap ∆ ≡ E1 − E0. To calculate the entanglement
entropy and entanglement spectrum, we arrange the lad-
der into one chain in the rung-major order, and split the
chain into two halves. One is the system and the other
is the environment. After tracing out the freedom of the
environment, we obtain the reduced density matrix ρ.
The entanglement entropy40,41 S is then calculated by
its definition S = −
∑
i ρi ln ρi with ρi the eigenvalues
of ρ. The entanglement spectrum ξi = − ln ρi is thus
readily available.
We find that the phase diagrams of this model depend
strongly on the parity of np. For even np, we have two
phases, and for odd np, we have four phases. The partic-
ular features for np = 1 and large np are also discussed.
The rest of the paper is organized as follows. In Sec. II,
we present the phase diagrams for even np. In Sec. III,
we present the phase diagrams for odd np. In Sec. IV,
we show the results in the large np limit and in Sec. V
we conclude our work.
II. PHASE DIAGRAM FOR EVEN np
In this section, we will discuss the phase diagrams for
even np. In Fig. 2, we show our results for np = 2, 4
and 6. We find two phases, which are an HP phase and
a cluster rung-singlet (CRS) phase. The former is com-
mon in spin-1 chains and spin- 12 two-leg ladders
12,38,39.
The latter is a trivial product state of singlets. In this
phase, J⊥ dominates over J‖, and each rung within a
cluster (rung index 1 < j ≤ np) forms a singlet. The
four spins in the plaquette connecting the two nearest-
neighbor clusters also form a singlet. In Appendix A, we
provide some numerical evidences for the CRS phase.
FIG. 1. The sketch of the cluster-based spin ladder. The
interactions corresponding to the model are marked. We have
assumed that Jc = J‖ therefore the same color represents the
same interaction strength. np is the number of plaquettes in a
single cluster and k is the index of the cluster. S(k)i,j represents
the spin operators in cluster k with the leg index i and rung
index j, thus 1 ≤ j ≤ np + 1.
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FIG. 2. Phase diagrams of Hamiltonian (1) for np = 2, 4, 6.
There are an HP phase and a CRS phase in each phase di-
agram(see text for details). The transition between the two
phases is of the first order. The red solid line is the eye guide
of the phase boundary. It’s obvious that the phase boundary
depends almost linearly on J⊥ and as np increases the slope
of the phase boundary decreases. Along the dashed cyan line
(J‖ = 0) the rungs within a cluster are decoupled.
The phase diagram and the phase boundary can be
determined by the ground state and first excited state as
well as by the entanglement entropy and entanglement
spectrum. In the following we will illustrate our proce-
dure that determines the phase boundary for np = 2 and
for other even np it is similar. In Fig. 3 (a), we plot
the energy of the ground state and the first excited state
for Lc = 16 as a function of J⊥. An energy-level cross-
ing occurs at J⊥ = 3.1571(2), and this signals a first-
order phase transition between the HP phase and the
CRS phase. Moreover, we calculate the excitation gap ∆
and find that both phases are gapful. In Fig. 3(b), we
show that the entanglement entropy S for Lc = 16, 24, 32
and 40. In this case, the length of the system and the
environment is equal. We observe a jump in S. This is in-
terpreted as a first-order phase transition. After a finite-
size extrapolation, the transition point is determined at
J⊥ = 3.156(1). Such phase transition is also reflected
in the entanglement spectrum. As we show in Fig.3 (c),
the degeneracy of the entanglement spectrum is different
in the two phases. In the HP phase, all the entangle-
ment spectrum is even-fold degenerate, which is a char-
acteristic feature of the symmetry-protected topological
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FIG. 3. A phase transition for np = 2 is determined from
E0, E1, S and ξi. Here J‖ = 3 is fixed in our calculation,
and S, ξi are obtained with equal system and environment
sizes. (a) E0 and E1 for Lc = 16 are shown as a function
of J⊥. Level crossing occurs at J⊥ = 3.1571(2), indicating
a first-order phase transition. (b) S for the cluster number
Lc = 16, 24, 32, 40 is shown as a function of J⊥. The jump
in S indicates a first-order phase transition. Inset: finite-size
extrapolation to determine the transition point J⊥ = 3.156(1)
in the thermodynamic limit. (c) Entanglement spectrum ξi
and corresponding degeneracy for Lc = 40 in the HP phase
and the CRS phase are shown. In the HP phase the entan-
glement spectrum is even-fold degenerate, which is a charac-
teristic feature of the symmetry-protected topological phase.
In the CRS phase the lowest entanglement spectrum is non-
degenerate and it is nearly zero, suggesting that the ground
state is a product state of the system and the environment.
phase18,42–47. However, in the CRS phase, some of the
entanglement spectrum is even-fold degenerate and other
is odd-fold degenerate.
III. PHASE DIAGRAM FOR ODD np
When np is odd the phase diagrams in Fig. 4 are dif-
ferent from those for even np. In addition to the HP
phase and the CRS phase, we find two more phases. One
is the cluster singlet (CS) phase and the other is the
EHP phase. Similar to the method extracting the infor-
mation of the CRS phase for np = 2 in the appendix
A, the properties of the CS phase can be determined as
well from the entanglement entropy with various cuts.
In the CS phase, the intra-cluster interaction J‖ is dom-
inant and each cluster is a singlet. The dominant term
in the ground state is the product state of these singlets.
Moreover, as J‖ increases, quantum fluctuation around
such product state becomes smaller. Therefore, S of the
cuts separating one cluster converges adiabatically to a
nonzero constant while that of the cut separating two
nearest-neighbor clusters converges to zero in the large
J‖ limit. As we explain in Sec. I, the EHP phase is
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FIG. 4. Phase diagrams for np = 1, 3, 5. The blue lines be-
tween the CS phase and the HP phase , and between the HP
phase and the EHP phase represent continuous phase tran-
sitions. The dashed cyan line in (a) represents a crossing
between EHP phase and CRS phase instead of a phase tran-
sition. It is determined from the edge states under OBC.
Along the dashed purple line (J‖ = 0), the rungs are decou-
pled. Other lines denote first-order phase transitions.
different from the HP phase. Particularly, it is not pro-
tected by symmetries. Therefore, it can evolve into a
product state accompanied with a phase transition or
without a phase transition18. np = 3, 5 belong to the for-
mer case. There is a first-order phase transition between
the EHP phase and the CRS phase. But np = 1 belongs
to the latter case, i.e., there is no phase transition be-
tween the EHP phase and the CRS phase, agreeing with
previous works48,49. Even so, these two phases can be dis-
tinguished by their edge states. To show this, we calcu-
late low-energy states under both PBC and open bound-
ary condition (OBC). We find that under both PBC and
OBC the ground state of the CRS phase is unique. The
ground state of the EHP phase is unique under PBC but
it is nine-fold degenerate under OBC, demonstrating the
presence of a nearly free S = 1 effective spin at each end
of the ladder.
Similar to those with even np, the phase diagrams with
odd np are determined as well by E0, E1, S and ξi. We
demonstrate this for np = 3 in Fig. 5 and Fig. 6. Let
us first see Fig. 5. For simplicity, we fix J⊥ = −3.
In panel (a), we show the entanglement entropy S for
Lc = 20, 30 and 40 as a function of J‖. Two sharp peaks
are clearly observed, suggesting a phase transition near
each of them. The accurate positions of the two critical
points can be obtained by finite-size extrapolation, as we
show in the inset for the right one. In the thermody-
namic limit, they are J‖ = 0.216(2) and 1.406(2). More-
over, contrary to that in Fig. 3, there is no discontinuity
in S, and this suggests a continuous phase transition.
In panel (b), we show the excitation gap for various Lc
and two minimums are found. In the inset, we show the
extrapolation of the excitation gaps at J‖ = 0.216 and
J‖ = 1.406. In the thermodynamic limit they become
zero. We also confirm that the phases are gapful. These
results are in good agreement with those obtained from
the entanglement entropy. Since a characteristic feature
of the HP phase is the even-fold-degenerate entanglement
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FIG. 5. S, ∆ and ξi for np = 3 are plotted as a function of J‖.
In our calculation, J⊥ = −3 is fixed, and S, ξi are obtained
with equal system and environment sizes. (a) S for Lc = 20,
30 and 40. The two peaks in S suggest two phase transitions.
Inset: the positions of the right peak are extrapolated to the
thermodynamic limit. (b) The excitation gap for Lc = 20,
30 and 40. Inset: in the thermodynamic limit, the excitation
gaps at the two dips close. Red filled circles for Lc from 20 to
40 with a step 5, blue open circles for Lc from 20 to 80 with
a step 10. (c) The entanglement spectrum and corresponding
degeneracy for Lc = 40 in three phases. In the HP phase,
they are even-fold degenerate.
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FIG. 6. E0 and E1 for Lc = 8, np = 3 are plotted as a
function of J⊥. The level-crossing suggests a first-order phase
transition.
spectrum, we calculate them with equal system length
and environment length. As we show in panel (c), the
spectrum is indeed even-fold degenerate in the HP phase
but in the EHP phase and CS phase they are not. More-
over, we calculate the degeneracy of the ground state in
the HP phase under both OBC and PBC. We find that
the ground state is unique under PBC but it is 4-fold de-
generate under OBC. These provide further information
supporting our phase diagrams. In Fig. 6, the two low-
est energies are shown near the phase-transition points.
J‖ = 0.4, 1.0 and 3.0 correspond to the EHP to CRS,
HP to CRS and CS to CRS transitions, respectively. In
all three cases, a level-crossing occurs, suggesting a first-
order phase transition.
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FIG. 7. J⊥/J‖, the estimated phase boundary in the large
J⊥ limit, is plotted as a function of 1/np. The blue solid
line is a quadratic polynomial fitting of the data. We have
J⊥/J‖ = 1.40(3) as np → ∞, which is well consistent with
expected result53 J⊥/J‖ = 1.401 · · · .
IV. LARGE np LIMIT
Now, we have the phase diagrams for various np. From
Fig. 2 and 4, it is obvious that these phase diagrams
depend on the parity of np. For even np, the phase di-
agram has an HP phase and a CRS phase. But for odd
np, there are four phases, an HP phase , a CRS phase
, a CS phase and an EHP phase. Moreover, our results
show that the region of the CS and EHP phases becomes
smaller as np increases. Therefore, we expect that in the
large np limit the phase diagrams will include only an HP
phase and a CRS phase50. For small np, Hamiltonian
(3) can not be neglected even if Jinter is much smaller
in comparison with J⊥ or J‖ because it connects the two
nearest-neighbor clusters. However, in the large np limit,
the bulk properties are determined solely by Hamiltonian
(2). Hamiltonian (3) only have some edge effect and thus
can be neglected.
First, we consider the properties of Hamiltonian (2)
and try to gain some insight from them. Actually, Hamil-
tonian (2) in the large np limit has been extensively
studied51–59 and its phase diagram is already known. It
includes an HP phase and a rung-singlet(RS) phase. A
first-order phase transition is exactly known53 to occur
at J⊥/J‖ = 1.401 · · · .
To verify our analysis, let us examine the phase bound-
ary in Fig. 2 and 4. We notice that when J⊥ is large
enough the phase boundary is almost linear to J⊥. This
means that J⊥/J‖ is nearly a constant. In the large np
limit, we also expect that the phase transition depends
only on J⊥/J‖. In Fig. 7, we extrapolate J⊥/J‖ as a
quadratic polynomial of 1/np to the large np limit and
obtain J⊥/J‖ = 1.40(3), and this agrees well with the
expected transition point J⊥/J‖ = 1.401 · · · . Moreover,
in the large np limit, the edge configuration can be ne-
glected and CRS phase becomes RS phase. These provide
strong numerical evidence supporting our analysis.
5V. CONCLUSIONS
In conclusion, we study cluster-based two-leg lad-
ders with the plaquette number np up to six. These
models are direct extensions of the model proposed
for an edge-shared tetrahedral spin-cluster compound
K2Cu3O(SO4)3. The numerically exact ground-phase
phase diagrams are mapped out by using density-matrix
renormalization group method. We find that they are
closely associated with the parity of np. For even np,
there are two phases in the phase diagram, which in-
cludes an HP phase and a CRS phase. For odd np, in
addition to the HP phase and the CRS phase, there are
two more phases, which are a CS phase and an EHP
phase. Moreover, the region of such two phases shrinks
as np increases, which leads to our conjecture that in the
large np limit they may disappear
50. By extrapolating
the phase transition points to the large np limit, we can
reproduce the phase transition point of the Hamiltonian
without the intercluster coupling (i.e. Jinter = 0), which
verifies our conjecture. By analysing the energy and en-
tanglement entropy, we determine the order of the phase
transitions. The transition from HP phase to CS phase
or to EHP phases in odd np are continuous. There is no
phase transition from the EHP phase to the CRS phase
for np = 1, and all other phase transitions are first order.
It was argued in Ref. 26 that there may be an HP
phase for all even np. Our work show that an HP phase
is present in the phase diagram for all np. This can be un-
derstood from the Hamiltonian (2) in the large np limit.
In such case, there is an HP phase in the Hamiltonian
(2), no matter np is even or odd. This phase may persist
after turning on the Jinter because it does not break the
time-reversal symmetry.
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Appendix A: Characteristics of the CRS phase from
the entanglement entropy
In this Appendix, we demonstrate some properties of
CRS phase in Fig. 2 from the aspect of the entangle-
ment entropy of four different cuts. These cuts are read-
ily available in the DMRG sweeps. For simplicity, we use
np = 2 to illustrate our analysis and for other np(both
even and odd), it is similar. Moreover, the same anal-
ysis is applicable to the CS phase. In the following, we
FIG. 8. Entanglement entropy corresponding to four differ-
ent system-environment cuts A,B,C,D is shown for J‖ =
0.02, 1.0 and 3.0. np = 2, Lc = 16, and OBC are used to il-
lustrate our analysis. The cut A separates the ladder into two
equal parts. The HP phase (left) and the CRS phase (right)
are separated by a jump of the entanglement entropy, which
signals a first-order phase transition. The black dashed line
below S = 1 is at S = ln 2 and that above the S = 1 is at
2 ln 2.
focus on the CRS phase only. As we show in Fig. 8, the
entanglement entropy S of the cut B,C and D in CRS
phase is almost independent of J‖. In particular, S of
the cut C is nearly zero. This suggests that the ground
state is a product state of the system and the environ-
ment. Moreover, S of the cut D is nearly ln 2, which
is just that of a singlet formed by two spin- 12 ’s. After
considering the symmetry, we may conclude that the two
spin- 12 ’s connected by the rung cutted by D forms a sin-
glet. We notice that S of the cut B is nearly ln 2. This
suggests that the rightmost two spins of the left cluster
and the leftmost two spins of the right cluster form a
singlet. However, it is not a product state of two rung
singlets, which becomes clear when we study the S of the
cut A. To reflect such difference from the RS phase, we
use CRS to mark this phase.
The nearly zero S of the cut C suggests that the largest
ρi is almost 1 and all others are nearly zero. In the
DMRG simulations, it is thus difficult to select optimal
bases according to ρi. To obtain accurate results, more
bases should be kept, in particular, for excited states.
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